First Order Differential Equations

A differential equation is an equation connecting x, y and the differential coefficients
dy/dx, dzy/dxz, etc. For example,

y2@+2xy:x
dx
2
%}%—3Zy+4y:smx

The order of a differential equation is the order of the differential coefficient of
highest order in the equation. So the first equation above is of first order and the
second 1s of second order.

First Order Differential Equations with Separable Variables.

2o fee)
dx

Then the solution is given by

fg—(lﬁ = [f(ds+e

provided that

can be integrated with respect to y and that f{(x) can be
g(»)
integrated with respect to x.

egl  Find the general solution of the equation

d
Yooy (y>0)
dx

eg2  Solve the equation
d
2 —xy=y (x>0,y>0)
dx
given that y=1whenx = 1.

Exercise 5A Odds (Old Book)

or

Exercise 4A Evens (New Book)
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First Order Exact Differential Equations

Consider the differential equation

& o

+X—=3X
ST

This is a first order differential equation, however it is not possible to separate the
variables.

From our earlier work on implicit differentiation however, we might recall that when
we differentiate the product xy :

e I P
€_b: / P é‘
3/:{/607) = ;C;%C-P? | & 43 0 Qﬁf)ﬂe&,-\

This enables us to rewrite the ori ginal differential equation as:

J (7017 l}k,
Intajmlc“} %H: 314 7cy j}’xﬂc/gg

37\:;:_3_’ r‘\“"-’

54«
Al S

Equations of this form, where one side is an exact derivative of a product and the
other side can be integrated with respect to x, are called exact di ifferential
equations of the first order.

These are often of the form f(x) jx—y + f'(x)y , which can be written as % (f(x)»)
eg3  Find the general solutions of the exact differential equations

dy . 2 x dy
a) COSX——ysinx = b) ——+Iny=x+1
(a) el c ol ()ydx ny=x

Exercise 4B NEW BOOK
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: d
First Order Linear Differential Equations of the type Ey *Py=0

dy

Consider the solution of the differential equation 2ye* E+ ylet =e™
cl . A L
__,(Q 9 ) > e
dr
5C L Lic
@(j 3 j‘z Jw
P C@Jb
% E W ~ 2 S
AR .Df/-e, S R

If we had tried to simplify the differential equation by dividing throughout by e”,
giving: y
L
Y yooe
I

In this form however, the LHS is not an exact derivative of a product. In fact, if we
had been given the equation above, we would choose to multiply throughout by ¢* in
order to make the LHS exact in form.

The term e, which makes the LHS integrable, is called an integrating factor. When

such an integrating factor can be determined, further differential equations can be
solved. This is generalised below:

Consider the first order differential equation % +Py=0
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In summary, the General Solution to the first order linear differential equation

dy
—+ Py =
=0
is
yejfdx _ Iermx+c

so long as ej " can be found, and eI " can be inte rated.
g

eg4  Find the general solution of the equation % —ytanx =1

egd  Find a suitable integrating factor and hence solve the differential equation

dy e
X—+3y=—
o 4

xz.

X

Exercise 4C Pg 80 (N.ew Book) Odd’s
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Solving differential equations using a change of variable

Sometimes, a differential equation that cannot easily be integrated can be transformed
into one which we know how to solve by using a substitution which changes one of
the variables in the equation into a new variable.

egb  Using the substitution z = X, transform the equation x% =x+y, x>0, into

x
a differential equation in z and x. By first solving this new differential
equation, find the general solution of the original equation.

eg7  Use the substitution z = y~ to find the general solution of the differential
. Ay Yy 2.3
equation ~——+*==x
q L y
Find also y in terms of x, given that y =1 at x = 1.

Exercise 4D Pg 83
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