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2. Statistical Distributions

AS – Discrete Distributions

The Binomial Distribution

For a fixed number of trials, n, each with a probability p of occurring, the probability of a number x  of successes is given by the formula




Binomial distribution tables (and calculators) give you cumulative probability P(X ≤ x) 
[image: ]
Eg1	The random variable X ~ B(10, 0.35), find:
(a) P(X ≤ 6) 
(b) P(X ≥ 5)
(c) P(X = 6)
(d) P(4 ≤ X ≤ 7)



















The binomial distribution can be appropriately applied under the following conditions:
· the trials are independent
· the trials have a constant probability of success
· there are a fixed number of trials
· there is only success or failure. 





The Poisson Distribution

The Poisson distribution is a discrete probability distribution which is used to model the number of events occurring randomly within a given interval of time and space.

In a particular interval, the probability of an event X occurring x number of times is given by:




where  =  = E(X) and x = 0, 1, 2, 3, …

If the probabilities are distributed in this way, it is written X ~ Po()

As with the binomial distribution, tables give you the cumulative probability P( X ≤ x)

[image: ]Eg2	The number of telephone calls received at an exchange during a weekday morning follows a Poisson distribution with a mean of 6 calls per 5 minute period.  Find the probability that 
(a) there are no calls received in the next five minutes
(b) 3 calls are received in the next five minutes
(c) fewer than 2 calls are received between 11:00 and 11:05
(d) more than 2 calls are received between 11:30 and 11:35



















The Poisson distribution can be appropriately used when
· n is large (usually > 50) and
· p is small (usually < 0.1)


The Poisson distribution can be used as an approximation to the binomial distribution 

If X ~ B(n, p) with large n and small p, then X ~ Po(np)

[image: ]Eg3	The probability that a wrapped chocolate biscuit is double wrapped is 0.01.  Use a suitable approximation to find the probability that of the next 60 biscuits you unwrap:
(a) none are double wrapped
(b) at least 2 are double wrapped




















The Discrete Uniform Distribution
A discrete uniform distribution is a distribution where all the outcomes are equally likely, for example the outcome when a fair dice is thrown.

If X is a discrete variable and is uniformly distributed on the set {1, 2, 3, 4, …, N} then 



[image: ]Eg4	A fair octagonal spinner numbered from 1 to 8 is spun and the number obtained X is recorded.  This process is repeated a set number of times.  

	Find P(2 ≤ X < 5) 






At both AS and A2 you may be given questions where the appropriate distribution to apply is not provided.  In each of the following situations decide which are best modelled by binomial, Poisson or uniform distributions.  Give a reason for your decision.
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Exercise 2.1
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Numerical Answers
(1a) 0.1896  (b) 0.8982

(2ai) 0.1858  (ii) 0.3397  (b) 0.4185

(3) 0.0996

(4ai) 0.1171  (ii) 0.5841  (b) 0.0699

(5ai) 0.2611  (ii) 0.4587  (b) 0.194

(6ai) 0.109  (ii) 0.9208  (b) 0.212

(7ai) 0.179  (ii) 0.772  (b) 0.076
	

	 
























A2 – Continuous Distributions

The continuous uniform (rectangular) distribution X ~ U[a, b]

This has a constant probability density function (pdf) over a range of values and zero elsewhere.


















[image: ]
Eg5	The continuous variable X is uniformly distributed X ~ U[2, 5]
	
Find (a) E(X) 	(b) Var(X)	(c) P(X > 3.8)

















[image: ]Eg6	A junior gymnastics league is open to children who are at least 5 years old but have not yet had their 9th birthdays. The age X years, of a member is modelled as a uniform continuous distribution over the range of possible values between five and nine.  Age is measured in years and decimal parts of a year, rather than just completed years.  Find
(a) the pdf f(x) of X
(b) P(6 ≤ X ≤ 7)
(c) E(X)
(d) Var(X)
(e) The percentage of the children whose ages are within one standard deviation of the mean.





















[image: ]Eg7	A piece of string of length 8cm is randomly cut into two pieces.  Find the probability that the longer of the two pieces of string is at least 5cm long.














[image: ]

Eg8	Given that Y ~U[a, b] and E(Y) = 3 and Var(Y) = 3, find P(Y < 2).
















Eg9	The amount of time, in minutes, that a person must wait for a bus is represented by the pdf 
[image: ]T ~ U[0, 15].
(a) what is the probability that the person waits fewer than 12.5 minutes?
(b) On average, how long must a person wait.
(c) What is the standard deviation of the waiting time?
(d) 90% of the time, the time a person must wait falls below what value?
























Exercise 2.2
[image: ]
1.  





2.  [image: ]













3. [image: ]
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4. 
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5. 













[image: ]6. 













7. [image: ]



[image: ]Numerical Answers
(1a) 0.4  (b) 0.6	(2a) 12.6 (b) 0.39	(3a) 1/8  (b) 0.6875	(4) a = 3, b = 11

(5a) 3, 4/3  (b) 2, 16/3		(6a) 4.5 (b) 1/3	(7) a = -1, b = 3 	

(8a) k = 1 (b) 0.2  (c) -1.5  (d) 25/12		(9b) 0.4  (c) 0.064

	 

8. 













9. [image: ]












The Normal Distribution

Just as the binomial and Poisson distributions are important examples of the special distributions of the discrete kind, so the Normal distribution can be described as the single, most important continuous distribution in statistics.  The form of the data approximates very well to data of the ‘natural phenomenon’ type, such as weights, heights and ages; data that occurs naturally in all types of situations.
[image: ]
























Wilf is clearly very tall, but how much so?  Is he one in a hundred, or a thousand or even a million?

To answer this question we need to know the distribution of the heights of adult British men.  This may be modelled by the Normal distribution which has the distinctive pdf shown below:

[image: ]

 










As always with probability density functions, the area beneath the curve represents probability, so the shaded area to the right of 76.5in represents the probability that a randomly selected adult male is over 6ft 4½ inches tall.

Before we are able to find this area we need to know the mean and standard deviation of the distribution.  For adult British males these are 69 inches and 2.5 inches respectively.  

We can summarise this as 

for the continuous random variable H, where H ~ N(69, 2.52), find P(H > 76.5)

we can use our calculators:

Normal CD
Lower = 76.5
Upper = 1 x 1099
 = 2.5
 = 69

which will produce P(H > 76.5) = 

So the probability of a randomly selected adult male being at least as tall is Wilf is 0.0013, ie just over 1 man in a thousand.

The key properties of a Normal distribution can be summarised as:

· The distribution is symmetrical about the mean, 
· The mode, median and mean are all equal, due to the symmetry of the distribution
· The range of x is from - to 
· The horizontal axis is asymptotic to the curve
· The total area beneath the curve is unity
· 68% of the values in a Normal distribution lie within  1 standard deviation of the mean
· 95% of the values lie within 2 standard deviations of the mean
· 99.75% of the values lie within 3 standard deviations of the mean

[image: ]X ~ N(, 2)











The Standard Normal Distribution, Z ~ N(0, 12)

This is a Normal distribution centred at 0 with a variance and hence a standard deviation of 1.  All Normal distributions with mean  and variance 2 can be adjusted to fit this curve as we will see later.
[image: ]
	













Even though the use of calculators make working with Normal distributions fairly straightforward, it is always a good idea to sketch a diagram to represent the probability you are trying to find.

Eg10	Find (a) P(Z < 1.52)	(b) P(Z > 2.60)		(c) P(Z < -0.75)		(d) P(-1.18 < Z < 1.43)
[image: ]























[image: ]Eg11	The random variable X ~ N(50, 42).  

Find (a) P(X < 53), (b) P(X ≤ 45)











Eg12	When a butcher takes an order for a Christmas Turkey, he asks the customer what weight in kg the bird should be.  He then sends his order to a turkey farmer who supplies birds of about the requested weight.  For any particular weight of bird ordered, their error in kg may be taken to be normally distributed with mean 0 and standard deviation 0.75.
	Mrs Jones orders a 10kg turkey from the butcher.  Find the probability that the one she receives is
(i) [image: ]over 12kg
(ii) under 10kg
(iii) within 0.5kg of the weight she actually ordered. 



























Exercise 2.3

Find the following

[image: ]



Answers
[image: ]

Exercise 2.4

1. The random variable X ~ N(30, 22)
Find (a) P(X < 33)	(b) P(X > 26)
[image: ]













[image: ]







Using a given probability to find the corresponding boundary parameter

Once again, the calculator has made this a pretty straightforward process using the ‘Inverse Normal’ mode.

Eg13	Find the value of the constant a such that 
(a) P(Z < a) = 0.7611		(b) P(Z > a) = 0.01	(c) P(Z > a) = 0.0287	(d) P(Z < a) = 0.0170
[image: ]






Eg14	The random variable Y ~ N(20, 9).  Find the value of b such that P(Y > b) = 0.0668
[image: ]



















[image: ]Eg15	In a particular experiment, the length of a metal bar is measured many times.  The measured values are distributed approximately Normally with mean 1.340m and standard deviation 0.021m.  Find the probabilities that any one measured value
(i) exceeds 1.370m
(ii) lies between 1.310m and 1.370m
(iii) lies between 1.330m and 1.390m

Find the length l for which the probability that any one measured value is less than l is 0.1.



















Exercise 2.5
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Using the mappability of the Standard Normal Distribution, Z, to find the mean, standard deviation, or both for a Normal distribution, X

[image: ]

X ~ N(, 2) can be transformed into Z ~ N(0, 12) and vice-versa using the formula



when tables rather than calculators were used to find probabilities of Normal distributions this had to be used to transform any given distribution into the Z distribution in order to read from the tables.  This is no longer necessary.  However, this process still needs to be used where situations call for you to determine an unknown mean or standard deviation value for a given distribution.

Eg16	The random variable X ~ N(, 32).  Given that P(X > 20) = 0.20, find the value of .
[image: ]









Eg17	The random variable X ~ N(50, 2).  Given that P(X < 46) = 0.2119, find the value of .
[image: ]














[image: ]Eg18	The random variable X ~ N(, 2).  Given that P(X > 35) = 0.025 and P(X < 15) = 0.1469, find the mean and standard deviation of the distribution.


Eg19	A characteristic of the shape of a human skull is measured by a number n.  People are classed into three groups: A (for which n ≤ 75), B (75 < n ≤ 80) and C (n > 80).  In a certain population the percentages of people within these groups are 58, 38 and 4 respectively.  Assuming that n is distributed Normally within this population, determine its mean and standard deviation.

[image: ]	Three people are chosen at random from this population.  Determine the probabilities that
(i) each of the three has a value of n greater than 70;
(ii) at least one of the three has a value of n less than 70.
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Exercise 2.6
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Problem Solving – Exercise 2.7
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() Acustomer service department receives an average of 15 complaints per
hour. What is the probability that there are at most 10 complaints in a
certain period of one hour?

(b) The demand for rental cars from a car hire firm has amean of  per day.
Find the probability that on a randomly chosen day, the demand s for 8
ormore cars.

() Abag contains 6 red and 4 black balls. One ball is taken out, its olour
noted and then returned to the bag. The processis repeated until 5 bals’
colours have been recorded. What s the probability that al 5 balls are
red?

(4) 5% of a batch of components are faulty. Find the probability that in a
randomly selected batch of 20 components, 4 components are faulty.

() Atest containing multiple choice questions with a choice of answers A, B,
Cor D consists of 20 questions. The question setter needs to be sure that
the chance of passing the test simply by guessing the answers is less than
0.05. How many marks should the pass mark be set at for the probability.
of passing by guessing to be less than 0,057

() Daisies are growing randomly in a meadow: There is an average of six
daisy plants per square metre of meadow. Find the probabiliy that a
randomly picked area of 0.5m of the meadow contains no daisies.

() Asalesman in a car showroom sells on average 12 cars per week. Whatis.
the probability that he sells less than 5 cars in a randomly selected week?

() A one-mile stretch of road contains an average of 3 potholes. Find the
probability that in a half-mile stretch of the same road there will be no
potholes

() teis known that a packet of seeds has a probabilty of .95 of allthe seeds
germinating. Find the probability thatin 2 packet of 50 seeds at most 5
seeds will ot germinate.

) nan accident and emergency department it is known that the average
waitto be seen by a doctoris 2 hours.Find the probability of a patient
turning up on a random day and waiting less than 1 hour.
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Itis known that 25% of the bulbs in a box produce yellow flowers.
A custormer buys 20 of these bulbs. Find the probability tha:

(a) exactly 4 bulbs produce ellow flowers

(b) fewer than 8 bulbs produce yellow flowers,

‘The number of items of junk mail arriving by post each day at a house car.
be modelled by a Poisson distribution with mean 3.4
(2) Without using tables, calculate:
M) P(x=1)
(i) P(Xs2).
(b) Using tables, determine P(4 < X< 7).

Each time.a darts player throws  dart at the buls-eye they hit the bulls-
eye with aprobability 0.08. The darts player throws 100 darts at the bulls-
eye. Use a Poisson approximation to find the probability that she hits the
bulls-eye fewer than 5 times

Ona turtle farm, turtles are bred and hatched from eggs under controlled

conditions.

(@) The probability of producing a female turtle from an egg s 0.4 under
the controlled conditions. The probability of producing a female from
an egg is independent o other eggs hatching to produce female turt
‘When 20 eggs re kept under the controlled conditions, find the
probability that:

(i) exactly 10 female turtles are produced
(i) more than 7 female turtles are produced.

(b) During the hatching process, the probability that an egg fails to hatch
s 0.05. When 300 eges are kept under the controlled conditions, use.
the Poisson approximation to find the probability that the number of
egas faling to hatch s less than 10,

(a) A factory manufactures cups. The manager knows from past
experience that 5% of the cups produced are defective. Given a rane
sample of 50 of these cups, determine the probability that the number
of defective cups in this sample s:

() exactly2

(i) between 3.and 8 (both inclusive).

(b) The factory also manufactures plates. The manager knows that 1-5%
of the plates produced are defective. A random sample of 250 plates is
taken.

(@) Explain why the Poisson distribution can be used as an
approximation to the binomial distribution, to model the number
of plates that are defective.

(i) Use an appropriate Poisson distribution to find, approximately, the.
probahility that the sample of plates contains exactly 4 dofective
plates.




image7.png
@ (@) The random variable X has the binomial distribution B(20, 0-2).
() Without the use oftables, caleulte P(Y = 6),
(ii) Determine P(2 <X <8).
() The random variable ¥ hs the binomial distribution B(200,0:0123).
Use the Poisson distribution todetermine the approximate value of
)

@ (2) Whena certain type of seed is planted, there is a probability of 0.7 that
it produces red flowers. A gardener plants 20 of hese seeds
Calculate the probability that:
() exactly 15 seeds produce red flowers
(i) more than 12 seeds produce red flowers.

(b) When a different type of seed is planted, there is  probability of 0.09
Usat it produces white flowers. The gardener plants 150 of these seeds.
Use an appropriate Poisson distribution to determine, approximately,
the probability that exactly 10 seeds produce white flowers.
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The contimuous random variable X ~ U[2, 7).
Find

a P(B<X<5),

b P4
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‘The contimuous random variable X has p.d £ as shown in the diagram.

f(x)

0.1

o 26 kX

Find
a  the value of £,
b PA<X<79)




image15.png
The continuous random vasiable X has p.d.£
ol 25336
©={0,  otherwise
Find

a the value of £,

b P(-13<X<42)
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‘The continuous random variable ¥ ~ Ula, &]. Given that P(Y <5)=7 and

P(Y >7)=1, find the value of @ and the value of b
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Find E(X) and Var(X) for the following probability density functions

1
2 f@e{7 ST
0, otherwse.
| ]
=, -25x<6,
bofw=18 *
0, otherwise.
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‘The continuous random variable X has p.d fas shown in the diagram.

fi(x)

Find:

a E®),
b Varld),
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‘The continuous random variable ¥ ~ Ula, 4]. Given E(¥) =1 and Var(¥) =

find the value of a and the value of b
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The continuous random variable Xhas p.d £ as shown in the diagram.

4

02

% 9 4 *

Find
a  the value of £,
b P(2eX<-),
¢ E®,
4 Va(X),




image21.png
A plumber measures, to the nearest cm, the lengths of pipes

b

Suggest a suitable model to represent the difference between the true lengths
and the measured lengths

Find the probability that for a randomly chosen rod the measured length will be
within 0.2 cm of the true length

Three pipes are selected at random. Find the probability that all three pipes will
be within 0.2 cm of the true lengih
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THE AVONFORD STAR

VILLAGERS GET GIANT
BOBBY

The good people of Middle Fishbrook
have special reason to be good these
days. Since last week, their daily Tives
are being watched over by their new
village bobby. Wilf *Shorty’ Harris.
At 6ft 4'hin. Wilf is the tallest
policemanin the county. “Idon’texpect
any trouble”, says Wilf, “Butl wouldn’t
advise anyone to tangle with me on a
dark night”.
Seeing Wilf towering above me, T
decided that most people would prefer  Towering Bobby ‘Shorty’ Harris is bound
- not 10 puthis words to the test. - 1a deter mischiefin Midde Fishbrook-
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The standard normal distribution curve
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PZ <2.12)
Nz~ 0.84)
MZ =1.25)
NZ < 1.52)
NZ > -2.24)

P(-2.30<Z<0)

"1.25 <Z <2.16)
P(-2.16 < Z <~ 085)

b P(Z< 1.36)
d Pz <038

b P(Z> —1.68)
d P(Z < 3.15)
b PO < Z<142)

d P(Z< —1.63)

b P(-1.67 <Z<238)
d P(-1.57<Z<157)
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2 The random variable X ~ N(40, 9).
Find a P(X - 45), b (X - 38).

3 The random variable ¥ ~ N(25, 25),
Find —a P(Y - 20), b P18 < Y < 20).

4 The random variable X — N(18, 10).
Find a X - 20), b X 15
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T'he random variable X N(20, 8).

g S 1.
Find a PX - 15), b the value of @ such that POX = @) 0.8051

The random variable ¥~ N(30, 5°).
Jind the value of @ such that P(Y > a) = 0.30.

I'he random variable X ~ N(15, 3%).
Find the value of @ such that P(X > a) = 0.15

Ihe random variable X ~ N(20, 12).

Find the value of @ and the value of b such that

a (X a) =040, b P(X > b) = 0.6915.
© Write down Pib < X < a).

The random variable ¥ ~ N(100, 15%).

Find the value of @ and the value of b such that

a Y -a) = 0975, b (Y < b) = 0.10.
© Write down Pla < Y < b).

Ihe random variable X ~ N(80, 16).

tind the value of a and the value of b such that

a P ) - 0.40, b P(X < b) = 0.5636.
¢ Wiile down P(h < X < a).
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10

The random variable X ~ N(g, 5%) and P(X < 18) = 0.9032.
Find the value of .

The random variable X ~ N1, ¢?) and P(X > 20) = 0.01.,
Find the value of o.

The random variable Y ~ Nk, 40) and P(Y < 25) = 0.15.
Find the value of e

The random variable Y ~ N(

50, o) and P(Y > 40) = 0.6554.
Find the value of o.
The random variable X ~ N(g, 0?).
Given that P(X < 17) = .8159 and P(X < 25) = 0.9970, find the value of u and the value of o,
The random variable v ~ N, a?).

Given that P(y < 25) = 0.10 and P(Y >335 = 0.003, find the value of u and the value of o,
The random variable X ~ Ny, 0?).

Given that P(X >15) = .20 and P(X <

Hint £ i g
9) = 020, find the nt for Question 7
value of 1 and the value of o

Draw a diagram and use
symmetry to find g,

The random variable X~ Ny, 0?).

The lower quartile of x is 25 and the upper quartile of X is 45,

Find the value of #and the value of o,

The random variahle x ~ N(0, o2).
Given that P(~4 < X « 4) = 0.6, find the value of o.
The random variable X ~ N(2.68, o)

Given that P(X > 2a) = 0.2 and P(

X <a) = 0.4, find the value of o and the value of o
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1 The heights of a large group of men are normally distributed with a mean of 178cm and a
standard deviation of 4 cm.

A man is selected at random from this group.
a Find the probability that he is taller than 185 cm.

A manufacturer of door frames wants to ensure that fewer than 0,005 men have to stoop to
pass through the frame.

b On the basis of this group, find the minimum height of a door frame.
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2. The weights of steel sheets produced by a factory are known to be normally distributed with
mean 32.5 kg and standard deviation 2.2 kg.

a Find the percentage of sheets that weigh less than 30 kg.
Bob requires sheets that weigh between 31.6kg and 34.8 k.
b Find the percentage of sheets produced that satisfy Bob's requirements.

3 The time a mobile phone battery lasts before needing to be recharged is assumed to be
‘normally distributed with a mean of 48 hours and a standard deviation of § houts.

a Find the probability that a battery will last for more than 60 hours
b Find the probability that the battery lasts less than 35 hours.

4 The random variable X ~ N(24, o),
Given that P(X > 30) = 0,05, find
a the value of o,
b (X <20),
© the value of dso that P(X > d) = 0.01

5 A machine dispenses liquid into plastic cups in such a way that the volume of liquid
dispensed s normally distributed with a mean of 120 ml. The cups have a capacity of
140ml and the probability that the machine dispenses too much liquid so that the cup
overflows is 0.01.

a Find the standard deviation of the volume of liquid dispensed.
b Find the probability that the machine dispenses less than 110 ml.

Ten percent of customers complain that the machine has not dispensed enough liquid.
 Find the largest volume of liquid that will lead to a complaint,

6 The random variable X ~ N(u, o). The lower quartile of X is 20 and the upper quartle s 40.
Find and .
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7. The heights of seedlings are normally distributed. Given that 10% of the seedlings are
taller than 15 cm and $% are shorter than 4cm, find the mean and standard deviation of
the heights.

8 A psychologist gives a student two different tests. The frsttest has a mean of 80 and a.
standard deviation of 10 and the student scored 85.

a Find the probability of scoring 85 or more on the first test.

‘The second test has a mean of 100 and a standard deviation of 15. The student scored 105
on the second test

b Find the probability of a score of 105 or more on the second test,
€ State, giving a reason, which of the student’s two test scores was better.
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9 Jam s sold In jars and the mean weight of the contents is 108 grams. Only 3% of jars have
contents weighing less than 100 grams. Assuming that the weight of jam in a jar is normally
distributed find.

@ the standard deviation of the weight of jam in a Jar,
b the proportion of jars where the contents weigh more than 115 grams

10 The waiting time at a doctor's surgery is assumed to be normally distributed with standard
deviation of 3.8 minutes. Given that the probability of waiting more than 15 minutes s
00446, find
a the mean waiting time,

b the probability of waiting fewer than $ minutes.

11 The thickness of some plastic shelving produced by a factory is normally distributed.
As part of the production process the shelving is tested with two gauges. The first gauge
s 7 mm thick and 98.61% of the shelving passes through this gauge. The second gauge is
5.2:mm thick and only 1.02%6 of the shelves pass through this gauge.
Find the mean and standard deviation of the thickness of the shelving.
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2. Statistical Distributions


 


 


AS 


–


 


Discrete Distributions


 


 


The Binomial Distribution


 


 


For a fixed number of trials,


 


n


, each with a probability


 


p


 


of occurring, the probability of a number 


x


  


of 


successes is given by the formula
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Binomial distribution tables (and calculators) give you cumulative probability P(X 


=


 x) 


 


 


Eg1


 


The random variable X ~ B(10, 0.35), find:


 


(a)


 


P(X 


=


 6)


 


 


(b)


 


P(X 


=


 5)


 


(c)


 


P(X = 6)


 


(d)


 


P(4 


=


 X 


=


 7)


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


 


The binomial distribution can be appropriately 


applied under the following conditions:


 


·


 


the trials are independent


 


·


 


the trials have a constant probability of success


 


·


 


there are a fixed number of trials


 


·


 


there is only success or failure. 
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