Formation of Second Order Linear Differential Equations

If an equation y = f(x) contains two arbitrary constants, 4 and B, then by
differentiating twice two more equations are produced:
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These two equations, together with the original y = f(x), allow 4 and B to be

eliminated, so forming a second order differential equation. We will consider three
types of equation y = f(x), all of which give rise in this way to a second order linear

differential equation.

Case (a)
Consider y = de** + Be™ -—-—~@

,‘L} = Qﬁelk-t-’Bﬁé’?K ._,@
e

FmM@ er" 5 2 = &231&
@ = 2(9 -563L) fz&;k

2 2«; ¢ @Q}K /@

fle 08

e C—I;L » 2dy 3p™ (@
Jdiw ol
#DM@ 6€3M3 "j_f' _.27

"‘@ e B i 3/&- i
Fhe = 21 e3[4 -2y
dy _ s )

d)CL ;‘L_)l('('é‘-f -3 &)

g i) (st e
R

Consgores 4o quednbic %“““1“’“‘
ML—’)-r~+6 5D : "
5o sk wonld cppon ik Ha guand silubi g bl secod o Bff €1

i B iy L.—fn\.{'é o
<_3(/__'1L - F6422 Ca be Jkad”‘* He rosts 9 tho ?UJ o (ﬂ-zJ(M"})‘/b
< e o de ihe?*



In order to check that this analogy is general, and not just coincidence , we now
consider the more general equation

y = Ae™ + Be”* =433
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This 1s called the auxiliary quadratic equation and it can now be used to recognize the
general solution of a second order linear differential equation with constant
coefficients:

For the second order linear differential equation
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If the auxiliary quadratic equation

am® +bm+c=0
has real distinct roots « and S (ie 5” — 4ac > 0), then we can quote, by
recognition, the solution

y=Ae™ + Be™

egl  Write down the general solution for each of the following differential
equations:

d * dy
-3—=
(a) -

+2y=0
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Case 2x
Consider y =e> (4+ Bx) - AQ_ 3 57(6

2
({Eﬁi: 207 4 Bx.2e % %8 = 296 'f- nge *ﬁe ﬁ7 +fe

L

dy. 24, «28% - 2y« 2(dy -24)
dxr dx ok
(L—“J-L—Llél LJ

de

gw&xlicw} c!/uau, PvL:(' M’l" hrmtly 0 {‘wo azwfi wob /11/0{4& &

Let’s generalise: y =e™ (A4 + Bx)
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Tﬁis provides a second form for the solution, by recognition, of the differential
equation
d'y ,dy
f—p+h o +cy=0

When the auxiliary quadratic equation am’ + bm + ¢ = 0 has equal roots (ie

b* —4ac =0), then
y=e%(A+bx)

eg2  Write down the general solution of the differential equation

2
&'y +6%+9y 0
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Case (c)
Consider y = e (4cos3x + Bsin3x) —()
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Applying the generahsmg procedure, when the auxiliary quadratic has complex roots
P T gi we can quote, by recognition the solution

y=e"™(Acosgx + Bsingx)

eg3  Write down the general solution for the following differential equations
d’y _dy d*y

a +2—=42y=0 +4y=0
()dx e (b) T e

From (b) above, we can generalise further that if the auxiliary quadratic has purely
imaginary roots, + gi , then the general solution would be
y = Acosgx + Bsingx
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The Particular Integral

The second order linear differential equations that we have so far considered have
been of the form
d’ d
a—g—i $hg cy=0
dx dx
We next need to consider second order equations in which the RHS is not zero, but a

function of x, ie
2

d d
adx’;j+bay+cy=f(x)

Consider for example the equation

d’y . dy "

dx‘2 = -d;+6y=€ ___@
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So we see that y = Ee" is a solution of the given equation but it cannot be a complete

solution because it contains no arbitrary constants. However it must be part of the
complete solution, and is called a particular integral (P.1.).

The remainder of the solution can be found by considering the simpler differential
equation
d’y . dy
-5—+6y=0
'
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Clearly this solution alone does not satisfy the original equation, but, when combining

it with the particular integral, we can show that:
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And by eliminating the constants 4 and B that %ﬁi - 5% + 6y =e” ol ég éULLvJ .



So the general solution of the given differential equation is
y=Ae* + Be’ + %e*

which is obtained by adding the complementary function (4de™ + Be™) and the
particular integral.

In fact, for all differential equations of the type

d’y . dy
a—+b—+cy=f(x
ot TV =)
the general solution is
y=CE+PI

Selecting the trial solution for the particular integral:
The following particular integrals should be learned. If the PI is non-standard (ie not
from this list), then the PI would be given to you in the question.

Form of f(x) Form of Particular Integral
k A
kx A+
kx? A+ pox 4+’
ke™ de™*
mMCOS@X Or NSIN@X Or mCOSwx + nsin wx Acos@x + psin wx

eg4  Find the general solution of the differential equation
2

>+ =c0s2x
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The Failure Case
5 :
Consider the differential equation % - % +4y=e* _@ J
Complimentary function is: A el s0
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where the trial form of particular integral is a solution of the differential equation
with RHS = 0, ie is part of the complementary function then we need to consider a

different trial solution, which is found by multiplying the P.I. by x, or x°...if
necessary.

So in our example:
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Calculation of Arbitrary Constants Dolekin ; A 2 +be ')7/""‘:6

Because the solution of a second order differential equation contains two arbitrary
constants, their evaluation requires two initial conditions.

eg5  Findy in terms of x given that

d’y . dy
—=4—+3y=12
@ Y

andthat%zl andy=0atx =10
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Solving Second
/

egb/ Use the substifufion x = e™to find the general solutiox to the differential

equation

\

der Differential Equations using a Change of Variable:

h +X—-+y
&_\ dx
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Solving Second Order Differential Equations using a Change of Variable:
These can be subdivided into two different types:

e Using the substitution to replace the independent variable.

egb  Use the substitution x = e to find the general solution to the differential
equation

x2@+xﬁ+y=0
dx  dx

Exercise SF Pg 101 Odds (NOT Q7)
e Using the substitution to replace the dependent variable.

eg7  (a) Show that the substitution v = xy transforms the differential equation
2

e y+2(1+2x)%+4(1+x)y:32ezx,x;tO

2

into the differential equation

2
5'1—f+4@+4v=3232*
i dx

(b) Given that v = ae®*, where a is constant, is a particular integral of this
transformed equation, find a.

(¢) Find the solution of the differential equation
2

x%+2(1+2x)%+4(1+x)y:329“,)6#:0
. 2 dy
for which y =2e andE:O at x=1

(d) Determine whether or not this solution remains finite as x —» co.
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