The Normal Distribution

Just as the binomial and Poisson distributions are important examples of the special distributions of the
discrete kind, so the Normal distribution can be described as the single, most important continuous
distribution in statistics. The form of the data approximates very well to data of the ‘natural phenomenon
type, such as weights, heights and ages; data that occurs naturally in all types of situations.
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" The good people of Middle Fishbrook
‘have special reason (o be good these
days. Since last week, their daily lives
_are being watched over by their new
vmaga bobby, Wilf Shotty Harris,
At 6ft 4'fin. Wilf is the tallest
icernan the county. “Idon’texpect
oL says Wilf. “Butl wouldn’t
myonewmgbwnmmma g’
night’, i
Seeing Wilf towermg abovc e, I

“Wilf is clearly very tall, but how much so? Is he one in a hundred, or a thousand or even a million?

To answer this question we need to know the distribution of the heights of adult British men. This may be
modelled by the Normal distribution which has the distinctive pdf shown below:
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As always with probability density functions, the area beneath the curve represents probability, so the shaded
area to the right of 76.5in represents the probability that a randomly selected adult male is over 6ft 4% inches

tall.

Before we are able to find this area we need to know the mean and standard deviation of the distribution. For
adult British males these are 69 inches and 2.5 inches respectively.

We can summarise this as

for the continuous random variable H, where H ~ N(69, 2.52), find P(H > 76.5)
we can use our calculators:

Normal CD
Lower = 76.5
dpper = 1 x 10%°
c=2.5

n=69

which will produce P(H>76.5)= 2 - (DD 13

So the probability of a randomly selected adult male being at least as tall is Wilf is 0.0013, ie just over 1 man in
a thousand.

The key properties of a Normal distribution can be summarised as:

The distribution is symmetrical about the mean, p

The mode, median and mean are all equal, due to the symmetry of the distribution

The range of x is from -o0 to ©

The horizontal axis is asymptotic to the curve

The total area beneath the curve is unity

68% of the values in a Normal distribution lie within + 1 standard deviation of the mean
95% of the values lie within +2 standard deviations of the mean

99.75% of the values lie within +3 standard deviations of the mean

X~ N(u, 6?)
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The Standard Normal Distribution, Z ~ N(0, 1?)

This is a Normal distribution centred at 0 with a variance and hence a standard deviation of 1. All Normal
distributions with mean p and variance o can be adjusted to fit this curve as we will see later.

The standard normal distribution curve
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Even though the use of calculators make working with Normal distributions fairly straightforward, it is always
a good idea to sketch a diagram to represent the probability you are trying to find.

Egl0 Find(a)P(Z<1.52) (b)P(Z>2.60) (c) P(Z <-0.75) (d) P(-1.18<Z < 1.43)
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Egll The random variable X ~ N(50, 42).

Find (a) P(X < 53), (b) P(X < 45)
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Egl2 When a butcher takes an order for a Christmas Turkey, he asks the customer what weight in kg the bird
should be. He then sends his order to a turkey farmer who supplies birds of about the requested
weight. For any particular, their error in kg may be taken to be normally distributed with mean 0 and

standard deviation 0.75.

Mrs Jones orders a 10kg turkey from the butcher. Find the probability that the one she receives is
(i) over 12kg

(ii) under 10kg

(iii)  within 0.5kg of the weight she actually ordered.
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Exercise 2.3

Find the following

1 aln/ - 2.12)
¢ M/ ().84)

b I/ 1

30)

d /- (.38}

2 ali/ 1.25) b '/ 1.68)
c I/ - 1.52) d iz 315
3 alM/Z - 224 b PO 7 1.42)
c M 230<Z<O) d /- 1.63)
4 a M1.25 < Z < 2.16) b P(-1.67 <7< 238)
c M -2.16 < Z < —0.85) d - 1.57< 7 1.57)
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Exercise 2.4

1. The random variable X ~ N(30, 2?)
Find (a) P(X < 33) (b) P(X > 26)

2 The random variahle X NCH) 04,

Wy - LR
Find a I\ -5y, b A W

3 The random variable Yo NE25, 250,
21 b IM18- 20).

Find a1

4 Ihe random variahle X N8 T,

Find a PN 24, b N I
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Using a given probability to find the corresponding boundary parameter
Once again, the calculator has made this a pretty straightforward process using the ‘Inverse Normal’ mode.

Egl13 Find the value of the constant a such that

(a) P(Z<a)=0.7611 (b) P(z>a)=0.01 (c) P(z >a) =0.0287 (d) P(Z<a)=0.0170
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Egl4 The random variable Y ~ N(20, 9). Find the value of b such that P(Y > b) = 0.0668

Egl5 Ina particular experiment, the length of a metal bar is measured many times. The measured values
are distributed approximately Normally with mean 1.340m and standard deviation 0.021m. Find the
probabilities that any one measured value
(i) exceeds 1.370m
(ii) lies between 1.310m and 1.370m
(iii) lies between 1.330m and 1.390m

Find the length / for which the probability that any one measured value is less than / is 0.1.
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Exercise 2.5
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Ihe randam variable N NE2O, 8L

Find a M\ IS,

Fhe random variable ¥ NGO, 8.

Find the value ot @ such that Pty (.30.

e random variable X NOES, 3°).

Find the value of g such that PIX @) 015,

The random variable X - N2o, 121
Fined the value of ¢ and the value of b such that
a X a) = 040, b (X - by = 06915,

¢ Write down Pib - N ).

(he random variable ¥V NOHOGO, 157y,
Find the value of a and the value ot b such that
a Y ) 0975, b MY - M 010

¢ Write down Ma - Y - by

Ihe random variable X N80, 161,
Find the value of a and the value of b such that
a Pty (), 40, b (N - ).5636.

¢ Write down b - X < al
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Using the mappability of the Standard Normal Distribution, Z, to find the mean, standard
deviation, or both for a Normal distribution, X

L

]
ldarge v = () 1
ge value of o small value of o

The distribution will have the same familiar
‘bell” shape but the mean i and the
standard deviation « will be different.

X~ N(u, 6?) can be transformed into Z ~ N(0, 1%) and vice-versa using the formula

_X-u
o

Z

when tables rather than calculators were used to find probabilities of Normal distributions this
had to be used to transform any given distribution into the Z distribution in order to read from
the tables. This is no longer necessary. However, this process still needs to be used where
situations call for you to determine an unknown mean or standard deviation value for 3 given
distribution.

Egl6 The random variable X ~ N(u, 3%). Given that P(X > 20) = 0.20, find the value of p.
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17 The random variable X ~ N(50, 6?). Given that P(X < 46) = 0.2119, find the value of .

o- 1M Frsm. 2~ N(a,1¥)
/4 P(Z<a) z0-2119
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Egl8 The random variable X~ N(p, 6?). Given that P(X > 35) = 0.025 and P(X < 15) = 0.1469,
find the mean and standard deviation of the distribution.
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Exercise 2.6

@Thc random variable X - N(u, 5% and P(X < 18) = 0.9032,
Find the valye of TR

2 )The random variable X ~ N(11, +2) and P(X = 20) = 0.01.
Find the value of (.,

3 The random variable ¥~ N(u, 40y and Pry < 25) = 0.15.
Find the value of L

4 The random variable ¥ ~

Ni50, &%) and P(y =~ 401 = 0.6554.
Find the valuye of .

@The Tandom variable X ~ M, a7,

Given that P\ - 171 = (.8159 and (X = 235 = 0.9970, find the value of u and the value of o,
6 The random variable } - Niu, a3,

Given that py Y < 25) = 0.10 and ¢y =

@ The random Variable Y ~ Ny, o),

oy, — o _ L Hint for Question 7
Liven that P(X »15) = 0.20 and P(X < 9) = 0.20, find the Draw ; d(ngram an/d iige
value of 4 ang the value of sYmmetry to find 4,

=351 = 0.003, find the value of Mand the value of a.

8 The random Variable X ~ Ny, ¢2).

The lower quartile Of X'is 25 and the UPper quartile of X iy 45
Find the valye of ¥ and the value of .

9 |The random variahle v - N0,
Given that py ~d <X <4) = 0.6, ind the value of o
. @Thc random variable X - N(2.68, 2),

Given that P\ = 2a) = 0.2 and PX <a) =04 find the v
Y ,

N
o),

alue of « and the value of 4
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Ex2-6
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Egl9 A characteristic of the shape of a human skull is measured by a number n. People are
classed into three groups: A (for which n < 75), B (75 < n < 80) and C (n>80). Ina
certain population the percentages of people within these groups are 58, 38 and 4
respectively. Assuming that n is distributed Normally within this population, determine
its mean and standard deviation.

e v
Three people are chosen at random from this population. Determine the probabilities
that
(i) each of the three has a value of n greater than 70;
(i) atleast one of the three has a value of n less than 70.
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Problem Solving — Exercise 2.7

1 The heights of a large group of men are normally distributed with a mean of 178 cm and a
standard deviation of 4cm.
A man is selected at random from this group.
a Find the probabilitv that he is taller than 185 cm.
A manufacturer of door frames wants te ensure that fewer than 0,003 men have to stoop to
pass through the frame.
b On the hasis of this group, find the minimum height of a door frame.

2 The weights of steel sheets produced by a factory are known to be normally distributed with
mean 32,3 kg and standard deviation 2.2 kg.
a Find the percentage of sheets that weigh Jess than 30 kg.
Bob requires sheets that weigh between 31.6Kg and 34.8 kg,

b Find the percentage of sheets produced that satisfv Bob's requirements.
3 The time a mobile phone battery lasts before needing to be recharged is assumed to be
normally distributed with a mean of 48 hours and a standard deviation of 8 hours,
a lind the probability that a battery will last for more than 60 hours,
b Find the probability that the battery lasts less than 35 hours.
4 The random variable X ~ Ni24, o7,
Given that P(LX > 30) = 0,03, find
a the value of o,
b X < 20,
¢ the value of d so that PLX = d) = 0.01,

§ A machine dispenses liguid into plastic cups in such a way that the volume of liguid
dispensed is normally distributed with a mean of 120 ml The cups have a capacity of
140 mi and the probability that the machine dispenses too much liquid so that the cup
overflows is 0.01,

a Find the standard deviation of the volume of liquid dispensed.
b Find the probability that the machine dispenses less than 110ml.
Ten percent of customers complain that the machine has not dispensed enough liquid.

¢ Find the largest volume of liquid that will lead to a complaint.

6 The random variable X ~ Nig, o). The lower quartile of X is 20 and the upper quartile is 40.

Find u and o
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The heights of seedlings are normally distributed. Given that 10% of the seedlings are
taller than 15 cm and 5% are shorter than 4 cm, find the mean and standard deviation of
the heights.

A psvchologist gives a student two different tests, The first test has a mean of 80 and a
standard deviation of 10 and the student scored 85,

a Find the probabilitv of scoring 85 or more on the first test,

The second test has a mean of 100 and a standard deviation of 15, The student scored 103
on the second test.

b Find the probability of a score of 105 or more on the second test.

¢ State, giving a reason, which of the student’s two test scores was better,

7 g Jam is sold in jars and the mean weight of the contents 15 108 grams. Only 3% of jars have

10

i1

contents weighing less than 100 grams. Assuming that the weight of jam in a jar is normally
distributed Aind

a the standard deviation of the weight of jam in a jar,

b the proportion of jars where the contents weigh more than 115 grams.

The waiting time at a doctor’s surgery is assumed to be normally distributed with standard
deviation of 3.8 minutes. Given that the probability of waiting more than 15 minutes is
00,0446, find

a the mean waiting time,

b the probability of waiting fewer than 5 minutes.

The thickness of some plastic shelving produced by a factory is noermally distributed,

As part of the production process the shelving is tested with two gauges. The hirst gauge
is 7 mm thick and 98.61% of the shelving passes through this gauge. The second gauge is
5.2 mum thick and only 1.02% of the shelves pass through this gauge.

Eind the mean and standard deviation of the thickness of the shelving,
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