Unit 3 - 6.Further Differentiation Techniques

Parametric Differentiation

To differentiate a function which is defined in terms of a parameter t, you need to use the chain rule:
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<81  Acurve has the parametric equations x =¢* and y = 2¢. Find

(i) % in terms of the parameter t;

(ii) the equation of the tangent to the curve at the point where ¢ = 3;
(iii) by eliminating the parameter, find the Cartesian equation of the curve.

Eg2  Anellipse has parametric equations x = 4cosé and y =3sin@. Find

(i) gx)—) at the point with parameter 9;

(ii) the equation of the normal at the point where 8 :%

(iii) by eliminating the parameter, find the Cartesian equation of the curve.
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Exercise 3.6A (1% column)

” Y . . ; .
1 Find -%—- lor cach of the following, leaving vour answer in terms of the parameter £

X
ax=2Ly-ti=3t:2 bx=3fy=28 cx=t+38 y=4t
dx=t-2y=3 cx-—-g.v—it?—-z fx= : v = r

o g - 3 t.' B :r_]-’- zr—]

2t 1-¢

g x- 1 ,2'3" 14 12 hx=te, y-2t i x=4sin3t, y-3cosit

j x=2+sint,y=3=4cost kax=secl,y=tant 1 x=2t—sin 20, y=1=cas2

2 a Find the equation of the tangent to the curve with parametric cquations
T
x=3=2sinl, ¥y =17} fcost, at the point P, where = E

b Find the equation of the tangent to the curve with paramelric equations
x=9—1t, y="1r =6t at the point P, where t = 2,

3 a Find the equation of the normal to the curve with parametric cquations
x=¢,y=¢+ ¢, at the point P, where t = 0.
b Find the equation of the normal to the curve with parametric cquations

» Zs: o . . w
X =1-—cos2t, y = sin 2¢, at the point P, where t= ry
3

4 Find the points of zero gradient on the curve wilh parametric cquations
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You do not need Lo establish whether they are maximum or minimum paints.
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Implicit Differentiation

The graph above plots the equation x* +y’' = 3xy, known as the folium of Descartes. This is an example of an
implicit function — one that cannot be written with y as the subject. Such functions would pose problems with
our current level of calculus knowledge if we were required to find an expression for its gradient. However
with a little extension of our chain rule work, implicit functions can be differentiated.

Let’s start with a more straightforward implicit function

x*+y*+4x-6y =12

d
in order to derive an expression for _y we need to differentiate each term with respect to (w.r.t.) x, ie:

L6 4 ) ¢ L) - dlay) = L)

Differentiating functions of x w.r.t. x is straightforward. The problem comes when trying to differentiate a
function of y w.r.t. x. This is where the chain rule is used.

Suppose z = y?, it follows that ﬂz—: 29/
dy
but if we require -g—xz-, then using the chain rule:
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Notice what we have just done —in order to differentiate y* w.r.t. x, we have differentiated y*w.rt. yand

gx-(yz)= z“) g);{/

then multiplied by @57-, ie.
dx

We can generalise this as follows:



To differentiate a function of y with respect to x, we differentiate with respect to y and then multiply by %

FUO)=S00)2

So returning to our circle:

L6+ L 62)+ L 1)L (63)= L(2)
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Often, it is also necessary to employ the product rule in order to complete the differentiation.

Eg3

Exercise 3.6B

3

4
A

Find an expression for the gradient function for the folium of Descartes and hence find the coordinates

of the stationary points.

(1%t Column)

. s § ; oy
Find an expression in terms of x and ¥ for :j— given that:
X

C x*+6x—8y+5y'=13
2y
xt—y

axit+ys=2 b x?+ 5y - 14

f xr-

dy'+3y=—4dx =0 e 3y =2y + 2xy =x*

g @=y)t=x+y+5 h e’y — xe i Vixyl+x+y’=0

Find the equation of the tangent to the curve with implicit cquation x* ¢ 3xy? =yt = 9
at the point {2, 1.

Find the equation of the normal to the curve with implicit equation {x + y)* = x? + y at
the point {1, O).

Find the coordinates of the points of zcro gradient on the curve with implicil equation
X+ gyt = fx = 16y = 21 = 0.

W N
oo el 425
2
SR s
£ o i
S i
I sy W%
) St -
o w | i=
o~ < il
- i PN
-2
e L43
L3 -
i
e
e b
A A2
-
i
w i
;«l
R
& 'u_
" 4
n iz

- |8
N
AP
i3

=3
i |
i
LY

s
e da =
AT
I 3w




'X?-e L{) o 3KL9 m—
N CAET I PO PR N T =,
| dx dx dx
PRCHER
11
SL("I}) : 79 dy
dx “ e
d (xy) 5 I 1d, o 93 (Wi
® x )

# Ty J, +09
J

dx

@ becousy ,Zkb *',Zwigl_i - B 4y 3y
| Codx g e

Jdie

dy (y=x) s q -2
d>

-
(dy - 9g-x

Stak pb @ dy -0
| ! dx

_—_— Oy .
@ ’)8+CxL) = 3 (x")

-

Lo 4 Y,
.3 K. S T

6 >
2 -Dx zo

}/} -
%('Z,vl) -0

5 . P ..

el X’z S xzo 1D Mee = (Cs,0)
> =1 = s ,.1" y B0 r—
or XS w e ® g .75 h
. q/’) /—‘___\_\\\




oo
IS ,4_( ) ed (4] = d ]
I dr

D 54" %&

Ty dy o -Tx

[\

- dx

s
(4 2 -2~
% ’}-j_y

/5 2 a5T] -
/b) Sr,{l‘ ] ¢ Er,1(5'.) 2 1Ly

Ix = togdy so

" dr
dﬂ. ] "22__(_ > /"Z \
dv oy  \ 59 |
/ St

[c)_d (2]« L (] = { 7e) 1I755) -1 (3)
& z A s T

{Zl tE — Sdy + loy dy =-0°
dz ' T2

|
=L

K+ D Hdd, +95y it
2 Lé‘i

L[C‘/g,—ﬂcﬁ., s X4y

e

dy /- Sy ) _ LD
5776& ——

/ch Z 43\

o A s
T d-ig



Differentiating exponential functions (NOT ¢* )

Eg4d  Differentiate y = a*, where g is constant
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Exercise 3.6C

1 Find -g-;- for cach of the following:
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2 tind the equation of the tangent to the curve ¥ = 2%+ 27 at the point (2, 43

3 A particular radioactive isotope has an activity & millicuries at time t days given by the

equation R = 2

P CdR
20000.9)". Find the value of i when t = 8.

4 The population of Cambridge was 37000 in 1900 and was about 109 000 in 2000, Find

an equation of the form P =

Pokt to madel this data, where 7 is measured as vears since

dp
19040, Evaluate T in the year 2000, What does this value represent?
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Using the Chain Rule to link Rates of Change

A further application of the chain rule enables us to combine various rates of change, to produce a differently
related rate of change. This is best illustrated using examples!

Eg5  The radius of a circular inkblot is increasing at a rate of 0.3 cm s ™. Find, incm?2sto 2 sig figs, the rate
at which the area of the inkblot is increasing at the instant when the radius of the blot is 0.8 cm.

Eg6  Given that P = x(x? + 4)"/2, find dP when x = 2 and dx = 3
dt dt

ER7  The edges of a cube are of length x cm. Given that the volume of the cube is being increased at a rate
of p cm® s, where p is a constant, calculate, in terms of p, in cm? s, the rate at which the surface area
of the cube is increasing when x = 5.

Exercise 3.6D

4

. - dv . dr
1 Given that V= 7' and that =—— = §, find = when r = 3.

d¢ dt

. dr N dA .
2 Given that 4 = +7 and Lhat 5 = 6, [ind T when r= 2,
L

S

) clx dvy
3 Given thaty = xe® and that = = §, find =— when x — 2.
- dt If

¢

B deg dr ) 7
4 Given that r=1 -3 cos #and that — = 3, find — when ¢ = -
dt dit 6
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