Complex Exponents

When multiplying complex numbers in modulus-argument form you add the

arguments, and when multiplying powers of the same base you add the exponents.

This suggests that there may be a link between the modulus-argument expression
z=r(cos@ +isinf)

which we first met in FP1 and the exponential function.

This was first noticed in 1714 by an English mathematician called Roger Cotes and
made widely know through a book published by Euler in 1748.

In a later chapter of FP2, Maclaurin’s expansion will be used to produce the following

series:
xl 3 x4 xr
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cos@zl—i+9———+...
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S35

Now if x is the complex number i0, the first series becomes

o 14104+ 00V GOF o) , Loy
T T

which leads to an important result:
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¢’ =cosf+isind|

If we compare the above result with the modulus-argument form at the top of the
page, we can write a complex number in a third form:

Z=re

where r = }z[ and @ =argz. This is called the exponential form of a complex number

Z.

As an aside, if you consider the particular case where 8 = 7
Qfes CoB +(5:0
& Comr scSintr
e(,'n‘s -1 +0O
ec:rr+ 1= O

This remarkable statement linking the five fundamental numbers 0, 1, i, e, T, the three
fundamental operations of addition, multiplication and exponentiation, and the
fundamental relation of equality has been described as a ‘mathematical poem’!

Egl ~ Write the following in the form (i) #(cos@ +isin@) and (ii) re”
@V3-3 ®8 (@©-=2-2 (A
Eg2  Write the following in the form a + ib

(a) 5(cos£+isin£J (b) cosz—x—isinz—z
3 3 3 3
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Multiplying and Dividing Complex Numbers in Modulus-Argument Form
Consider the complex numbers z, = r;(cos6, +ising,) and z = r, (cosd, +isin0,)
2,252 T (Cob1+¢500,) 1 (Cobrte S02)
=N L’c,,e,c,,eL +C Co0: 50 +¢ 540,00, #7510, 5;9,_]
shiry [( Cme,coe@- 5015:0,) +<(540:Cor + Co),562))

Cn(6,+62) S\;@,\%Gz)
2)21: ey [co@,«l-ézj +¢ S\LC@H@’LU

It can Similarly\shown that 2L = L’[(:05(19] ~8,)+isin(d, — 0,]
2y

In exponential form:

; . 723 (s,-0
o ¢ (8i-ey
22,0 @ Ixr;_efel .?—3 = -G-gco; =g
B c(51461) 2r rg re
= Nne

Eg3  Giventhat z = 2[00{%] +i sin(%ﬂ and w= 3[005(%} +i sin(%ﬂ express

in the form x +iy

1) Wz

G X
4

(i) Siz
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De Moivre’s Theorem

By extending the property of multiplying two complex numbers in modulus-argument
form, ie for two numbers z; and z;

2,2, = KF,(cos(d, +6,) +isin(f, +6,))
we can consider the effect of raising a single complex number to a power:
if z=r(cos@+isind)

it follows that

7= (e (Color) 42 92(649)) =1 (Co20 4674 20)
2 = rurxr (Co(0+0+0)+¢ Ji(orow)) = (Co3e+ ¢ 38)
which implies that

7z’ = rn(CﬁnGM Sanb)

This relationship was first considered by Abraham De Moivre in the 18" Century, the
proof of which needs to be learned.

If 2= r(Co0+c940) = re =
. a0
He 2"- L_r‘e“’]n -~ "

New 0% Conbe ¢ Jund

Zn: " (C,,nBH’ 5"»“9)

12
Eg4  Find the value of (cos % +isin %J

EgS If z=1-i+/3, find (i) z* and (ii) i3
=
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De Moivre’s Theorem

By extending the property of multiplying two complex numbers in modulus-argument
form, ie for two numbers z; and z;;

7,2, = nr,(cos(6, +6,) +isin(6, +6,))
we can consider the effect of raising a single complex number to a power:
if z=r(cos@+isinf)

it follows that
2= (xr (,(p+6)+15:(640)) > r (Go 20 4¢3 20)

2= Meryr (Calem+g)+£5.;(9w@) -_;—S(CO}QJ-(_' 5»239)

which implies that
Z"= rn(_Cn nB+c 5‘3"9)

This relationship was first considered by Abraham De Moivre in the 18" Century, the
proof of which needs to be learned.

It Z» r(Co0riTa0) sre®
He 2% [re®]" - ~"e”
N QCAB-,- Cnnb+ de[\{')

(>

6

2" 0 [ Conly € 5n8)

12
Eg4  Find the value of [oosug— +isin %)

Eg5 If z=1-i+/3, find (i) z* and (i) -13—
zZ
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De Moivre’s theorem can also be used to obtain certain types of trigonometric
identity.

Egb6  Express cos 30 in terms of cos 0 and tan 36 in terms of tan 0.
Exercise 3D Pg36Q’s 1,2, 3

Expressions for powers of sin 6 and cos 0 in terms of sines and cosines of multiples of
0 can be derived using the following results:

: -1
If z=cos@+isin@, then L (C06+¢'5~26) 2 C,..(—e)u:Sa(-e) = Cnb -¢5u6

hence

z+l= QCﬂe and z%l= 26'5‘4-9

z

By De Moivre’s theorem,

Z"=Gon9¥(:§":\“’9 and i: C/).'\Q"C:SV:YLQ

ZH

SO

2" +in= acn nB and Z”R—%= 265‘;'\9
2 z

Eg7  Express sin' @ in terms of cosines of multiples of 8. Hence find Isin" odeo .

Exercise 3D Pg36 Q’s 4, 5,6,7
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Complex Roots — The Roots of Unity

As early as 1629 Albert Girard stated that every polynomial equation of degree » has
exactly 7 roots (including repetitions); this was first proved by the 18 year old Carl

Friedrich Gauss 170 years later.

Therefore, even the simple equation z” =1 has n roots. Of course one of these is

z=1,and if nis even z = -1 is another. But where are the rest?

Let us first consider the solution to the equation z* =1, ie what are the cube roots of

1?7

The cube roots of unity

1
V1 can be written in index form as (1)

Now as a complex number, 1 can be written as  740<

7
On an argand diagram, this looks like
ke

and in modulus-argument form, 7{cosé +isin#), where r =1 and 6 = ¢ 27, ymbr, .. Uar

So 1= Gp2km+l Jia2kr

and (1 (Coﬂ(lﬁ'(,jln'lkﬂ')% k : D, LS.

By De Moivre’s Theorem then (7) % ) ( Coo2ksr o 51 2o )
= 3 P

wilere £25,12 3

but according to the work of Girard and Gauss there should only be three roots, so

what happens for k = 3, 4, 3, etc?

Fiok rook whakzo © Choy (5.0 Malidnl, oryurek O

Lot b ksl o ColmecSaly Maked, oy L
3 >

M :
Fad e k22 . Cf,/-%zr+c5qgg Mod., 1, an er ({‘

3
¢ e ke . G;o%lru'j.;%g_r Madert, a9 O

Lalu\ /c:‘f : C,a)_'grc';-{%ﬂ’ Ml/a':)%’l
5

O Sty i



Properties of the cube roots of unity

On an Argand diagram, these three roots will look like:

A

Y

3

\é’»zx ;0
J

F}

The points Py, P, and P, representing the roots lie on a circle, centred at the
origin and with radius 1 and that the angle between each successive point is

h

the same, 277[ .

It is customary to use @ to represent the root with the smallest positive
argument, P, on our Argand diagram.

Sow= Colr+dalr
3 3
and again using De Moivre’s theorem
q_ - -
w0 = Cﬂm{fal_u:) . ColwrelSil =
3 3 3 3
So the cube roots of unity can be written as 1, » and .

4 4z
Look again at @’ = cos— i sm—

b Qo( )_I,th(..lrr C,>21r ¢5a..2rr (Cozﬂ.ﬂ)-d[r*
3 CAJM[’LQOAJU?«.‘:QQL\) ad Vice-verse,

If we consider the sum of these roots, ie

l+o+o’ = [+ (Ca:) 2rpcidr ) (anrr —-cﬁ.‘er)

>4 +21Coln

5
= i+2>=-%
[-]

v

B 5UMJ}o,ban>&o;¢gqu & Jeorm.



The n™ roots of unity
We can now extend the theory to consider 4/1 :

if I=cos2kz +isin2kz, where k=0, 1,2, 3, ...

1 A
then (1); = (Coﬁkrr M Ua-r)

4 [}
%M ([)A\‘a C"OZ,E_'T ¢ 5“‘9.’_!5{ W Py L2,3,.. n=1
& . (whan bz | cyele s, penked)

The properties of the n™ roots of unity extend from those encountered when
considering the cube roots above, namely:

e The first root is always 1.

: . 7
e Ifniseven, another root is —1, when £ = -

o N . g
o If =cos==+isin==, then the n roots of unity can be written as
n n

2 3 - -1
1,00, 0,.., 0" 2o

® Onan Argand diagram the roots would form the vertices of a regular n-sided
polygon, inscribed in the unit circle, with one vertex at the point 1.

e With the exception of 1 (and —1 if n is even) the other roots occur in conjugate

pairs, with @ = (a)”'l )* ,and o? = (a) e )*, etc.
o Consider the sum of the n'" roots of unity:

l+to+e’+e’+...+@" 2+ @ !

This is a geometric series with first term 1 and common ratio .
n anCT sa (-t
The sumis [-Lo i fw I .(’__C}
——--’ B
[ -l :

=

but as o is an n" root of 1, then l=w,s0 0" =1

therefore
2 3 n-2 n—1 1 : 0
ltot+to*+o’+...+a" *+o" 1= /- - [-] =
———-'- -—-'-.
| - Lz [ =%

.. s_uM Qn“mg{’ﬂ QUM% ,;,;_Qm‘

Eg !ﬂ Find the fifth roots of unity and represent them on an Argand diagram.
Ve
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Complex Roots — The General Case

The complex number z = r(cos@ +isin#) can also be written as

z = r(cos(6 +2k7) + isin(f +2kx)), where k=0, 1,2, 3, ...
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LE}},JLL Find in the form re” the five ﬁfth roots of 2 — 2i and plot them on an Argand
@y diagram.
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