Polar Coordinates

Polar Frame of Reference

This system of reference consists of a fixed point O, called the pole and a line of fixed
direction from O called the initial line.

P(r)9)
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The polar coordinates of a point P are
the distance, r, of P from O and

the angle, 4, between OP and the initial line.

These coordinates are written as an ordered pair (r,6), ie (distance, angle). OP is called
the radius vector and @is sometimes called the vectorial angle.

As with other circular measures, the convention that positive values of @ correspond to an
anticlockwise sense of rotation from the initial line, and negative values of 6 correspond

to a clockwise rotation.

In FP2, we only need to consider positive values of r, corresponding to the distance OP .
However a negative value of r would correspond to the distance along PO.

Thus the point with polar coordinates [2,%) is the point 4 shown below:
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Relationship between Polar and Cartesian Coordinates

YA
P(x, 3)
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If a point P has Cartesian coordinates (x, y) relative to an origin O and polar coordinates
(r,¢9) relative to a pole O and initial line Ox then:
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These relationships can be used to convert Cartesian coordinates into polar coordinates
and polar coordinates into Cartesian coordinates.

Egl  Given that the origin O and the pole coincide and that the initial line is Ox, find
the polar coordinates of the points whose Cartesian coordinates are:

@43 OCL-1)  (©)(1.2,-0.9)

Eg2  Given that the pole O and the origin coincide and that the positive x-axis is the
initial line, find the Cartesian coordinates of the points whose polar coordinates
are:
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The above relationships can also be used to convert a Cartesian equation into polar form
and conversely.

Eg3  Find the Cartesian equations for the curve (a) » = 2acos@ (b) r= a(l —cos 9),
where a is a positive constant.

Eg4  Find the polar equations of the curve (a) y*> =4x (b) (x"‘ +y? )2 =2a’xy
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Polar Curve Sketching

The shape of a curve can be determined from its polar equation by listing corresponding
values of & and r and plotting these coordinates. (Values of & are usually limited to the
range 0 <8 <2x.) Certain observations can reduce the amount of tabulated work

however:

e Ifrisa function of cos@, the curve is symmetrical about the line 8 = 0 since
cos(—60) =cosb .
Such a curve can be plotted by calculating values of r for angles in the range
0 <6 <z, drawing the curve through these points and then reflecting it in the
initial line..

e Ifrisafunction of sin@, the curve is symmetrical about the line 8 = E , since

Fa(r-0) = INT(Cr0 - 5nbColT
O —(-15~8)
= Jhd
3 Sua 5 SCR(D"’@)
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Such a curve can be plotted by plotting points calculated in the range

ot

1

- % <6< % and reflecting this curve in the line 6 = g

It is also helpful to establish

e What are the maximum and minimum values of » and what values of 6 produce
them.

e What values of 0 make the trig part of the function become -1, 0 or 1.
The three most basic polar graphs are produced by the functions:
e r=gq thisisa circle centre O and radius a
e ¢ =q thisis ahalf-line through O making an angle « with the initial line
e 7 =gd@this is a spiral starting at O
Using Polar Graph Paper (freely available on internet) makes plotting easier too!
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Areas of Regions Expressed in Polar Coordinates

For the curve with polar equation » = f(6), the area bounded by the curve and the half-
lines @ = and 6 = B is given by é:p

r=Ho)
6=

ol

kel e >
1% ,

Area = — jr dé
2 [74

Find the area of the cardioid with polar equation r = 2a(l +cos#)

Eg>
Eg6 Find the area of the finite region bounded by the half lines & = 0and 8 = —735 and

the curve with polar equation = a(l + tan9), where a is a positive constant.

Ex7D Page 139 (these get N2 Sf’ﬁ ! !)
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Tangents parallel to and at right angles to the initial line /..

Tangents to a polar curve that are parallel to the initial line 7 will occur at positions where
y takes a maximum or minimum value, ie when 7 sin 8 takes a maximum or minimum

value. This occurs when ﬂi =0
dé

Similarly, tangents to a polar curve that are perpendicular to the initial line / occur at
positions where x takes a maximum or minimum value, ie when 7 cos# takes a maximum

or minimum value. This occurs when % =0

Wpasn

i

Eg7  Find, for the cardioid with equation » = 2a(1 +cos 9), those points on the curve
where

(a) tangents to the curve are perpendicular to /
(b) tangents to the curve are parallel to /

Find also the equations of these parallel tangents
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