Using Vectors in Mechanics

Often vectors can be used in mechanics to simplify how a situation is described, or how a
calculation is performed.

In a nutshell, a vector quantity has already been split into its x and y component parts.
Consider the following equilibrium question:

The following system of three forces is in equilibrium. Find the value of P and the
angle 6.
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Now this question could have been given as a vector problem:

Three forces act on a particle which remains in equilibrium. If two of the forces are

F,= (2\/51' TR j)and F, = —7i, find the magnitude of the third force and the direction
in which it acts.
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Forces are vector quantities as they have magnitude and direction. Velocity and
acceleration are also vector quantities. The magnitude of velocity is its speed. Mass is
not a vector quantity — it is known as a scalar quantity as is time.

Questions involving constant acceleration formulae and Newtons Laws can also be
approached using vectors.

Egl  Find the magnitude of the acceleration of a body of mass 500g when forces of
(5i+ 3j)N, (6i + 4j)N and (-7i — 7j)N act on the body.
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Eg2 A particle has an initial velocity of (2i + 3j)ms™ and 5 seconds later, a velocity of
(5i— j)ms‘l. Find its acceleration, assumed constant, and the magnitude of that
acceleration.

Wz (Lrvyy) Vs C)’L'~5)/ {--:J’/aﬁ\]
Vivaat
9¢-7 2 20085 56

W V -4y SR

gz &6 ~0-§)

— 1
a7 o608 5 s

Vectors PPQ’s Leave the 2™ one until last.
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3. A particle P of mass 2 kg is moving under the action of a constant force F newtons. When
t=0, P has velocity (3i+2j)m s and at time =4 s, P has velocity (15i—4j)ms™'. Find

A particle P moves with constant acceleration (2i — 5j) m s At time ¢ = 0, P has
speed u m s7'. At time /= 3 s, P has velocity (—6i + j) m s71.

Find the value of u.

5
A particle is acted upon by two forces F, and F, . given by
F,=(-3))N,
F, = (pi + 2pj) N, where p is a positive constant.
(a) Find the angle between F, and j . -
The resultant of F, and F, is R. Given that R is parallel to i ,
(b) find the value of p.

C)]

(a) the acceleration of P in terms of i and j,

(b) the magnitude of F,

{c) the velocity of P at time t=0s.
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A particle P of mass 0.4 kg is moving under the action of a constant force F newtons. Initially
the velocity of P is (6i — 27j) m s and 4 s later the velocity of P is (—14i + 21j) m 5

(a) Find, in terms of'i and j, the acceleration of P.

(b) Calculate the magnitude of F.
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3. A particle P of mass 0.4 kg moves under the action of a single constant force F newtons.

The acceleration of P is (6i + 8j) m s2 . Find

(a) the angle between the acceleration and i,

(2)

(b) the magnitude of F.
3)

At time 7 seconds the velocity of P is v m s . Given that when 7= 0, v = 9i — 10j,

(c) find the velocity of P when = 5.
3)




Ml Dav 2009
@ 0= 2~ k<Y Ve (-6¢+d)
V: urat
(-6c43) = L+ Y2-50)

Ga =600 ki BT

Uz - L6

Ml e AT = Uaia

M o 09
—N T T ’a

@  JE —

4
""" | w ’
e e O:= "L R) s B o ¢

C ':}'J {-%PL }-—Lfé 2’8
R= (149)< +(2-Y)5
(F Rigondad b fhe 4 copoizo - 20 =350



@) e WLy VeUeen gl
T )
ISc -4 = VWil; « La
ba = Ju -6
] o~y e -155
b))  Fema
Es 2 va53)



(b)) oo
e 0'4(‘&#11_'}) = (*-ZL' {'“f”)

(Fls [ urmm 7 5.

: uéo
, jz/ B
7
| . o; 53.1°
,([9)” Froq/éc+Vs) = 224C + 3.0

[Fls /iy 5 4n/

(Q) Gedv-Wo), .7 ,a=(es) 1)z

\/ (4c - loa) ¢ 7(@ W)
/ g =10y Lloc tlby
B 33(, #1”‘72_ /u’;)



Position Vectors P

Imagine a particle P moving in a plane. O is a fixed point in the plane. If you know
where the point O is, then the position of P is uniquely defined by the vector:

—> .
Op’> rP —

-

The vector rp, is called the position vector of P relative to O.

Eg3  Ata given time the cartesian co-ordinates of the position P of a particle are (2,1).
Find the position vector of P relative to O.

{’b: Qé-rg

Relative Position Vector
Imagine two particles C and D moving in a plane; O is a fixed point in the plane. Then r,
is the position vector of C relative to O, and rq is the position vector of D relative to O.

The vector CD gives the position vector of D relative to C. It is called the relative
position vector. '

- - —
From the triangle law of addition =~ C 7> - O0C +0OD

rco v (D " r‘—

W

e The position vector of D relative to T S0y =

The position vector of C relative to D is
DC=-CD=r.-ry
the negative of the position vector of D relative to C.
Egd  Ata given time particle C has position vector (4i — 6j)m relative to a fixed origin

O and particle D has position vector (3i + 2j)m relative to O. Find the position
vector of D relative to C.
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Velocity as a Vector

If a particle is moving at a speed of Sms™ then, provided its speed remains constant, it
will travel 5m in every second. This is true no matter what type of path the particle is
moving on. It will travel 10m in 2s, 15m in 3s and so on. So in this case:

distance travelled = speed x time
But if you want a complete picture of what is happening, you also need to know the

direction in which the particle is moving. The velocity of the particle gives us a complete
picture.

e The velocity of a particle is a vector in the direction of motion whose magnitude
is equal to the speed of the particle.

It is usually denoted by v.

When distances are measured in metres and time in seconds, velocities are measured in
metres per second (ms™).

If the velocity is a constant vector then: |
displacement = velocity x time

If, at t = 0 the particle is at the origin, then t seconds later, the particle has position vector

{os Vk

However if the partlcle isata posmon vector r, at t = 0, then t seconds later, the particle
has a position vector

(= _rb+yé

The magnitude of a position vector will give the distance of the particle from the origin,
the direction of a position vector will give the direction of the particle relative to the
origin.

The magnitude of a velocity vector will give the speed of the particle and the direction
of a velocity vector will give the direction in which the particle is traveling.

Consider a particle traveling with a constant velocity v = 3i + 4j with an initial position
re=2i+2j
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Acceleration as a Vector

Everybody has some idea of acceleration form their experience of travelling in busses or
cars. Just as velocity tells you how the position of a particle changes with time, the
acceleration tells you how the velocity changes with time. Since velocity has magnitude
and direction so has acceleration. It is, therefore, a vector. It is usually denoted by a.

e acceleration is the rate of change of velocity with respect to time.

Hence: acceleration = change in velocity
time

when the acceleration is constant.

i " " -1 : v i
Since velocities are measured in metres per second (ms ') the acceleration is measured in
metres per second per second (ms™?).

Eg5 A particle P is moving with a constant velocity (12i + 5j)ms™. It passes through
the point A whose position vector is (4i + 5j)m at t = 0. Find:

(a) the speed of the particle
(b) the distance of P from O when t = 3s.

Eg6  Atnoon a lighthouse keeper observes two ships A and B which have position
vectors (-4i + 3j)km and (4i + 9j)km respectively, relative to the lighthouse O.
(The unit vectors i and j are directed due east and due north.) The ships are

moving with constant velocities (4i + 17j)kmh™ and (-12i + 5j)kmh™’ respectively.

(a) Write down the position vector of A and the position vector of B at time t
hours after noon.

(b) Show that A and B will collide and find the time when this collision will
occur and the position vector of the point of collision.

Exercise 6F Pg 148 Q’s 9 to 12
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